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It is considered that observed galaxy rotation curves indicate the non-existence of Minkowski
limit (asymptotic flatness) at the scales of galaxies and beyond. On the basis of this consideration,
we qualitatively capture a range of galaxy rotation curves resulting from a perturbation of the
Schwarzschild geometry in the weak field limit. The present phenomenology accounts for the non
Keplerian galaxy rotation curves on the same footing as the Keplerian planetary motions. Our
theory predicts the radius at which rotation curves are observed to be r ' √λr0 where λ is the
Schwarzschild radius and r0 is of the order of the radius of the universe. It is also shown here
that the relation r ' √λr0 results in the baryonic Tully-Fisher relation for spiral galaxies. Quite
strikingly, the matter content of the universe to be c2r0/2G, where G is the gravitational constant
and c is velocity of light in vacuum, also follows from the present phenomenology. The perturbed
Schwarzschild metric is generalized to relate it to a field which can have its pressure proportional
to its density.
INTRODUCTION
Galaxy rotation curves of spiral (disk) galaxies show that the magnitude of velocity v of distant stars is, to a good
extent, independent of the distance r from the center of the galaxy. This is a regime supposed to be of Newtonian
gravity where rotation curves exhibit r independence of v. According to Newton’s law, the velocity of approximate
mean circular motion of these stars should follow the relation
v2
r
=
GM
r2
, (1)
where M is the luminous mass at the galaxy center. This gives v =
√
GM/r and it should fall with distance as r−
1
2 ,
however, as observations show [1, 2], it remains relatively constant or even increasing with distance in some cases.
Existence of dark matter is invoked in this scenario (and in many other cases, e.g., gravitational lensing) where one
considers the mass of the galaxy comprises of an otherwise invisible component which is spread over being proportional
to the distance i.e., M(r) ∝ r [3]. This can produce velocity profiles as seen at large r to be independent of r. This
idea of existence of dark matter is probably the most dominant paradigm followed at present.
People have tried to explain these rotation curves by invoking different ideas within the realm of Einstein’s gravity.
An interesting idea in this respect is the one put forward by Carmeli [4] couple of decades ago. Carmeli tried to take
into account the effects of the expanding universe on the rotation curves at large distances. More work has been done
along this line following Carmeli’s 1998 work [5]. There are other recent approaches to explain galaxy rotation curves
using conformal gravity [6, 7], Palatini formalism [8], using Grumiller’s modified gravity [9] etc.
Another competing idea to explain galaxy rotation curves is due to Milgrom who considered altering Newton’s
law of motion or equivalently gravity when the acceleration is extremely small of the order of 10−8 cm/s2 [10–15].
This is an interesting idea applicable to galaxy rotation curves and is followed by many to explain such observations
[16, 17]. This paradigm of MOND does not really justify (within the scope of known facts without taking into account
unobserved fields) why Newton’s law of motion should alter, however, accepts the observed facts that it alters in the
case of such galaxy rotation curves.
Consequences of the postulate that the intergalactic space of spiral galaxies does not reach the Minkowski limit are
explored in this paper. The non-Newtonian nature of gravity at the edge of the spiral galaxies as shown by rotation
curves indicates that the Minkowski limit is not attained in the intergalactic space. As a result, the weak field regime
of the Schwarzschild metric when used to model such systems has to be directly perturbed. Based on this assumption,
we show in this paper that the galaxy rotation curves over a good range of variety can be captured by the metric we
propose. On the same footing, our theory explains the non Newtonian gravity at the scales of the galaxies as well
as the Newtonian gravity of planetary motions. Our theory correctly derives the baryonic Tulli-Fisher relation with
the observed order of magnitude of the amplitude. It estimates the radius and the mass of ordinary matter of the
universe based merely on parameters of the Milky Way.
Although, the structure of spiral galaxies are rather flat, trying to capture the essential features of the rotation
curves by making use of the Schwarzschild geometry is not a bad idea to start with. It is an exact solution of Einstein’s
equation with spherical symmetry, hence, building the intended reality upon its weak fields is a reasonable approach.
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2The present paper shows that this approach works and the perturbation, being related to the parameters of the
universe, turns out to be universal.
The perturbation of the Schwarzschild metric is considered to be due to sources external to a galaxy. We justify
this assumption a posteriori by the fact that the metric correctly estimates the radius and the mass of the universe
based on the data of our galaxy. In what follows, we will guess the perturbed metric by the demand that it has
to add a constant acceleration to that of Newtonian gravity. Note that, such a consideration of the existence of a
constant acceleration can been seen to have some observational support. McGaugh et al., have shown correlations
between observed and baryonic components of accelerations considering a wide range of galaxies in ref.[18, 19]. In
these papers, each plot of observed acceleration against the baryoinic acceleration indicates an asymptotic saturation
of the observed acceleration when the baryonic one goes to zero. Note also that, there are some issues with respect
to the possible best method of sorting through the lowest acceleration data which have been discussed at length
in ref.[20, 21]. In view of these issues, the fitting functions for such plots have been chosen in a way to maintain
the constancy of velocity in the rotation curves at smaller accelerations. Considering this observed tendency of the
acceleration to saturate at small values, in our present work, we would investigate the situation where the asymptotic
flatness is broken by the existence of a constant acceleration of the value of that in the MOND regime. In the weak
fields (MOND) regime Newton’s force of gravity would be comparable to this force and at even larger distances this
constant force per unit mass will dominate until it is altered by the presence of another galaxy.
The paper is organized in the following way. We first present the perturbed metric for large distances and its imme-
diate consequences in relating the perturbation to various parameters of the universe. Then we show a generalization
of the metric involving a field. We find the Einstein’s tensor of this generalized metric to show that at large r, where it
matters to consider the perturbation of the Schwarzschild geometry, the field can have its pressure proportional to its
density. We show some relevant particle trajectories in this geometry. We conclude the paper by making discussion
on the important results of the present phenomenology.
PERTURBATION OF SCHWARZSCHILD METRIC
Superposition works in the weak field Newtonian (small velocity) limit of gravity because the relation
∇2g00 = 8piG
c4
T00 (2)
holds (∇2 is the Laplacian operator over space), where g00 and T00 are the time element (diagonal) of the metric and
the energy-momentum tensor respectively. Consider a perturbation of the Schwarzschild metric which would add a
constant acceleration to the Newtonian gravity at large distances. This constant background acceleration is expected
to come out to be of the order of 10−10 m/s2 (MOND regime) such that it only affects weak Newtonian gravity. A
metric that can result in such a uniform background central force field is
ds2 = (1− λ
r
)(1 + βr)c2dt2 − dr2 − r2(dθ2 + sin2 θdφ2), (3)
where β is an inverse length scale to be found out from the parameters of a typical disk galaxy and λ is the Schwarzschild
radius 2GM/c2. Let us assert that the background field is due to everything else in the universe outside the galaxy.
In what follows, evidence will emerging in support of this assertion.
Let us have a look at the nonzero elements (diagonal) of the Ricci tensor of this metric. These elements are
R00 =
c2
(
3r4β2 − 6r2βλ− λ2 − 4r3β(βλ− 1))
4r3(1 + βr)(r − λ) ,
R11 =
r4β2 + 6r2βλ− 3λ2 − 4rλ(βλ− 1)
4r2(1 + βr)2(r − λ)2 ,
R22 =
r2β + λ
2(1 + βr)(r − λ) ,
R33 =
(r2β + λ) sin2 θ
2(1 + βr)(r − λ) ,
where 0, 1, 2, and 3 in the indices correspond to t, r, θ and φ. In the following, it will be shown that for the galaxy
3rotation curves to appear at distance r, βr2 ' λ. This relation βr2 ' λ will turn out, in what follows, to be the
central result of this paper and has to be verified by observations.
The expressions of the nonzero Ricci tensor elements indicate R22, R33 ∼ 1/r (and R00, R11 are even smaller) which
is as bad a situation as that in the case of deviation form exact solution of the Schwarzschild metric in the Newtonian
limit. It can also be checked that all the elements of the Riemann tensor are devoid of any divergence and are regular
at large r. The only singularity is at r = 0 which is standard. The βr perturbation will come out to be order unity
at the edge of the universe, hence, there is no large r issue.
The non existence of the Minkowski limit in the present scenario is never a problem at larger distances beyond a
galaxy. At these distances, the spacetime will get non perturbatively modified by other sources (e.g., galaxies) just
like it gets altered in the case of Minkowski limit. Moreover, this is a regime of gravity where superposition holds.
Therefore, the field in the intergalactic space could be due to the superposition of those of neighbouring galaxies.
This is an assumption which is just as good as considering superposition of fields in the Newtonian limit due to the
existence of the relation eqn.(2).
Consider the Geodesic equations of this system
d2r
dτ2
− r
(
dθ
dτ
)2
− r sin2 θ
(
dφ
dτ
)2
+
c2(βr2 + λ)
2r2
= 0 (4)
d2θ
dτ2
+
2
r
dr
dτ
dθ
dτ
− cos θ sin θ
(
dφ
dτ
)2
= 0 (5)
d2φ
dτ2
+
2
r
dr
dτ
dφ
dτ
+ 2 cot θ
dθ
dτ
dφ
dτ
= 0 (6)
dt
dτ2
+
2(βr2 + λ)
2r(1 + βr)(r − λ)
dr
dτ
dt
dτ
= 0. (7)
The case of a circular orbit (for the sake of simplicity) on the equatorial plane θ = pi/2 makes t ∝ τ and from
eqn.(4)
v =
c√
2
√(
βr +
λ
r
)
(8)
where on this circular orbit v = r dφdτ and
d2r
dτ2 =
dr
dτ =
d2θ
dτ2 =
dθ
dτ =
d2φ
dτ2 = 0. The eqn.(8) immediately indicates that
βr has to be comparable and within an order of magnitude of λ/r to effectively raise the rotation curves above what
results from the Newtonian gravity.
The expression of the velocity reveals that if β is too small then for smaller r and corresponding λ there is no reason
not to get Keplerian orbits. For example, this is the case of our solar system. The Newtonian gravity, as obtained
from perturbation of Minkowski space would remain intact for the planetary systems for a very small β despite the
fact that orbits of disk galaxies can get altered from what Newtonian gravity predicts. The β must be very small for
this phenomenology to work and, using some known numbers, let us have an estimate of how small the β is.
Take the example of our galaxy the Milky Way. It has a central star Sagittarius A* (considered to be a super
massive black hole) of radius of the order of 107 km and a mass of about 4 million solar masses. The luminous mass of
the same galaxy is estimated to be that of about 200 billion stars. Therefore, the λ for such a system can be roughly
estimated to be 1010 km considering the mass of the core of the galaxy to be about 4 billion solar masses. Now, 1 kpc
being 1016 km, the distance r in the scale of λ is of the order of 106×n where n is a number that is safely considered
to be within order 10. This immediately tells us that r0 = β
−1 is of the order of 1013 in the units of λ. 1 kpc being
106 in λ, r0 = 10
7 kpc. The radius of the observable universe being about 14.3× 109 parsec is of the order of r0.
It is now obvious, from analogy of Newtonian gravity, that the perturbation βr in g00 results in an uniform inward
radial acceleration |a0| ' ∇(c2βr) = βc2 as would be seen by a test particle on top of what is there due to the
Newtonian gravity. Knowing the estimation of β = 1/1026 m−1, one gets a0 ∼ 10−10 m/s2. This is exactly the force
per unit mass regime of the MOND where the rotation curves are observed. As seen from the galaxy center, the
Newtonian gravitational force will fall as 1/r2 and a distance independent force per unit mass ~a0 will be seen to exist
over large distances where the principle of superposition holds.
Let us quickly check that equation (8) can account for the baryonic Tully-Fisher relation [22–24] where the mass of
a spiral galaxy is proportional to the forth power of the distance independent velocity of stars in the rotation curve.
4Considering βr ' λ/r, r '√λ/β. This gives v ' c(λβ) 14 , which will result in
M '
(
1
2βGc2
)
v4,
where we have used the Schwarzschild radius λ = 2GM/c2 and M is the baryonic mass responsible for the
Schwarzschild geometry considered. One particular thing to notice about the constant of proportionality is that,
since βc2 = 9 × 10−10 m/s2 and G = 6.6 × 10−11 m3/(kg s2), 1/(2βGc2) is about 1020 kg s4/m4. The observed
normalization factor A of barynic Tully-Fisher relation is A = 50 M s4/km4 which, considering M = 2× 1030 kg,
is about 1020 kg s4/m4 [23]. The observed number and the calculated one being remarkably close the universality of
β can be inferred. Note that, the magnitude of β we have fixed here quite heuristically by considering the mass of
the core of the Milky Way to be a billion solar mass. However, if the same has to work for all galaxies, β has to be
universal and matching with baryonic Tully-Fisher relation lends some support.
Let us have a look at another immediate consequence of this estimate of the parameter β. The βr, which is the
effective perturbation in g00, gives an effective mass density ρeff in analogy with the Newtonian gravity, i.e., through
the use of the eqn.(2). The ρeff =
c2β
4piGr where we have taken T00 = ρc
2. We are calling this to be an effective density
because when looked at in analogy with Newtonian gravity one gets this ρeff as a source which does not have a real
existence. In what follows, we will see that the Einstein tensor corresponding to our metric does not result in a matter
density.
Let us see when integrated over the whole universe (radius r0) what this effective density ρeff results in. This will
result in the total mass of the universe Muni =
c2βr20
2G ' c
2r0
2G since β ∼ r−10 . Putting the typical values, c2 = 9× 1016
m2/s2, r0 = 10
7 × 1019 m and G = 6.6 × 10−11 m3/(kg s2), the mass of the universe comes out to be Muni ' 1053
kg. This is exactly the estimated order of magnitude of the mass of the ordinary matter in the universe. So, we get
an expression of the ordinary matter of the universe in terms of the universal constants c, G and the radius of the
universe r0 from a perturbation of Schwarzschild geometry as suggested by rotation curves. These observations lend
support to our assertion that the phenomenology we develop here captures the presence of the rest of the universe in
the metric of a galaxy which is otherwise local. The existence of the effective density ρeff in analogy with Newtonian
gravity also indicates why dark matter actually is an illusion created by the methods of the Newtonian gravity.
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FIG. 1: Velocity vs distance plot.
Note that in none of the above estimation dark matter contribution is taken into account which actually makes the
mass of our galaxy to be 1.5 trillion solar masses. The important lesson this order of magnitude calculations gives
us is that if the size of the galaxy scaled by its mass has some universality then that probably is due to the rest of
the universe it is in causal connection with and that connection throws up the correct order of magnitude of r0 based
only on local information. Let’s get the velocity v in km/sec using these numbers.
v =
c√
2
√(
r
r0
+
1
r
)
=
105√
2× 103
√(
n
10
+
1
n
)
=
100√
2
√(
n
10
+
1
n
)
, (9)
5where r0 = 1/βλ when all the distances are scaled by λ. It can immediately be recognized that we are getting the
right orders of magnitude for the velocity. For a visual representation of the effect refer to the Fig.1 where the velocity
v =
100√
2
√(
n
m
+
1
n
)
(10)
has been plotted for two different choices of m and those curves are compared with the unperturbed (Newtonian) one
corresponding to β = 0.
GENERALIZATION OF THE METRIC TO A SOLUTION OF EINSTEN’S EQUATION
Let us generalize the metric such that it can be seen as one resulting from an energy-momentum tensor typical to
a gas or radiation field. The generalized metric has to be shown to correspond to an energy-momentum tensor of a
perfect fluid to make any practical sense. To this goal, consider a generalization of the Schwarzschild metric as
ds2 = (1− λ(r)
r
)(1 + βr)c2dt2 − dr
2
1− λ(r)r
− r2(dθ2 + sin2 θdφ2), (11)
The elements of the Einstein’s tensor corresponding to the metric given in eqn.(11) are
G00 =
c2(1 + βr)[r − λ(r)]λ′(r)
r3
(12)
G11 =
[r − λ(r)]β − (1 + βr)λ′(r)
r(1 + βr)[r − λ(r)] (13)
G22 =
2βr + βλ(r) + 2β2λ(r)r + β2r2 − 3βλ′(r)r − 3β2λ′(r)r2 − 2λ′′(r)r − 2λ′′(r)β2r3 − 4λ′′(r)βr2
4(1 + βr)2
(14)
G33 = sin
2 θG22 (15)
where the ′ indicates a derivative with respect to r. Note that, if λ(r) is not space dependent there is no density i.e.
there is no field as such for which the metric is a solution of Einstein’s equation. This requires the generalization of
a distributed field beyond the constant Schwarzschild parameter λ of the vacuum solution.
Considering that βr << 1 even at the scales where the rotation curves are observed, if the derivatives of λ(r) are
very small even at large r where r >> λ(r) the leading order contributions in the Einstein’s tensor will come out to
be
G00 =
c2λ′(r)
r2
(16)
G11 =
β
r
− λ
′(r)
r2
(17)
G22 =
βr − rλ′′(r)
2
(18)
G33 = sin
2 θG22. (19)
This indicates an obvious choice for the function λ(r) as λ(r) = λ+δ×(βr2) where δ is a new constant which should
be about order unity and has to be found out for the expected equation of state. The rational behind considering
a structure of λ(r) in this form is that the Schwarzschild metric remains almost unaltered at small r because the
effective modification to the metric still remains order βr. Thus, at large r (r >> λ(r)), the density is proportional
to β/r. The fluid does also have its pressure proportional to β/r. With this considerations, the elements of Einstein’s
6tensor in the leading order take the form
G00 = c
2(2δ)
β
r
(20)
G11 =
β
r
(1− 2δ) (21)
G22 = βr
1− 2δ
2
(22)
G33 = sin
2 θG22. (23)
It is also seen that, δ < 1/2 to keep the pressure positive in the leading order. Interestingly, the importance of
consideration of the mass of gas content of such a galaxy for baryonic Tully-Fisher relation is highlighted a couple of
decades ago in the paper of McGaugh et al., in ref.[23]. One can simply consider the perfect fluid to be a gas and
the adjustment of the parameter δ will depend on the details of equation of state of the gas. The constant parameter
λ, which in the present context is the standard Schwarzschild parameter, does not contribute to anything in the
energy-momentum tensor just like what happens in the case of vacuum Schwarzschild solution.
The equation for dynamics of r (equivalent one to eqn.(4)) is
d2r
dτ2
− λ(r)− rλ
′(r)
2r2 − 2rλ(r)
(
dr
dτ
)2
−[r−λ(r)]
(
dθ
dτ
)2
−[r−λ(r)] sin2 θ
(
dφ
dτ
)2
+
c2[r − λ(r)][βr2 + λ(r)− (1 + βr)λ′(r)]
2r3
= 0,
(24)
The expression of the velocity in the leading order would look like
v ' c√
2
√(
(1 + δ)βr +
λ
r
)
, (25)
and δ being a fraction, all the conclusions made on the basis of the expression of velocity given by eqn.(8) in the
previous section will hold with almost no error for the generalized metric.
It would be worthwhile, at this stage, to have a look at timelike geodesics of the metric given by eqn.(11). The
geodesic equations of a particle of unit mass on the plane θ = pi/2 are(
1− λ(r)
r
)
(1 + βr) = k (26)
c2
(
1− λ(r)
r
)
(1 + βr)t˙2 −
(
1− λ(r)
r
)−1
r˙2 − r2φ˙2 = c2 (27)
r2φ˙ = h (28)
where k and h are the constants related to the conserved energy and angular momentum of the test particle and
eqn.(27) is the first integral of the system. In the above equations, the over-dot indicates derivatives with respect to
proper time or an affine parameter.
Since the metric has timelike Killing vector Kµ = (1, 0, 0, 0), the conserved energy of the unit mass particle is
E = Kµp
µ = kc2. For a particle of mass m0, the conserved energy would come out to be E = kmoc
2. In the usual
situation, where asymptotic flatness exists, one gets k = 1 which results for a static particle at the limit r → ∞. In
the present case, considering r˙ = φ˙ = 0, eqn.(27) gives the energy of a particle of rest mass m0 at r = rd to be
E2 = m20c
4(1 + βrd)
(
1− λ(rd)
rd
)
(29)
which would remain conserved as the particle would start moving along a geodesic towards smaller r. The r → ∞
limit does not make sense in the present scenario as it does for β = 0.
7DISCUSSION
Based on the idea that galaxy rotation curves indicate the absence of asymptotic flatness (Minkowski space) at
large distances, we have first employed an asymptotic constant acceleration as a perturbation to vacuum schwarzschild
metric. The rotation curves from such a perturbed Schwarzschild metric are qualitatively captured to show that the
non-existence of asymptotic flatness can result in a variety of trends in these curves at the right orders of magnitude.
The entire effect occurs as a result of existence of a phenomenological length scale r0 of the order of the radius
of the universe. In the present phenomenology, this length scale bears a very close relation with the magnitude of
acceleration in the MOND regime. We have shown that, the effective mass density that results from the analogy with
the Newtonian gravity is an inversely decreasing function of distance. Quite surprisingly, an integration of this mass
density over the volume of universe correctly gives the order of magnitude of ordinary matter of the universe. This
indicates that the non existence of the asymptotic flatness of the local metric considered is possibly a consequence
of existence of its surroundings. These facts are strong supports in favor of our assertion that the perturbed metric
actually indicates the connection of the local spacetime with the rest of the universe.
The present method is based on a perturbation which would not affect smaller length scales (for example solar
system) due to the very large value of the parameter r0. Regions of weak fields where λ/r
2 is considerably bigger than
the 1/r0, the Newtonian limit of gravity will be the dominant contributor. This is the regime of the planetary systems
which show Keplerian orbits. Our method, on the same footing, explains why edges of galaxies are non Newtonian
where planetary systems are Newtonian.
Our simple model of breaking the asymptotic flatness by the presence of a constant acceleration captures the
baryonic Tully-Fisher relation not only in the correct power law, but also in the correct estimation of the amplitude
(proportionality constant). This in fact is a remarkable connection which is produced by the present phenomenological
model besides capturing the correct order of magnitude of acceleration of the MOND regime.
The present results also indicate that there is no reason for the length scale r0 not to be universal particularly when
it comes out to be of the order of the scale of the universe. If r0 is universal, then for all spiral galaxies with non
Newtonian rotation curves, the radius of the galaxy edge where the rotation curves are observed should be given by√
λr0 where λ is the Schwarzschild radius of the galaxy. Note that, λ of a galaxy must be estimated on the basis of
its baryonic mass and no dark matter is involved. Like the baryonic Tully-Fisher relation, there must exist another
power law relation between the mass giving the Schwarzschild radius and the radius of such galaxies. The relation is
given by M = (c2/2Gr0)× r2 where the amplitude c2/2Gr0 can be readily estimated to be of the order of 10 kg/m2
which, apart from the power law, could also be tested by observations.
We have generalized the perturbation of the vacuum Schwarzschild metric to get a metric corresponding to a field
which has a proportional relation between the density and mass. This has a requirement of altering the Schwarzschild
length by a space dependent function where the change is also of order βr. This generalization is not going to
qualitatively change any of the inferences made based on the analysis involving perturbed vacuum Schwarzschild
metric, however, identifies a field. The present analysis despite being very simple is showing some striking connection
between the global (universe) and local (disk galaxiy) parameters. These findings lend support to the possibility of
extending investigation in this matter on the principle of abandoning asymptotic flatness at large length scales which
goes against the common belief that, in general, the metric of a local field is asymptotically flat at large distances.
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